We study conformal iterated function systems (IFS) S = {φ i } i∈I with arbitrary overlaps, and measures µ on limit sets Λ, which are projections of equilibrium measuresμ with respect to a certain lift map Φ on Σ + I × Λ. No type of Open Set Condition is assumed. We introduce a notion of overlap function and overlap number for such a measureμ with respect to S; and, in particular a notion of (topological) overlap number o(S). These notions take in consideration the n-chains between points in the limit set. We prove that o(S,μ) is related to a conditional entropy ofμ with respect to the lift Φ. Various types of projections to Λ of invariant measures are studied. We obtain upper estimates for the Hausdorff dimension HD(µ) of µ on Λ, by using pressure functions and o(S,μ). In particular, this applies to projections of Bernoulli measures on Σ + I . Next, we apply the results to Bernoulli convolutions ν λ for λ ∈ ( 1 2 , 1), which correspond to self-similar measures determined by composing, with equal probabilities, the contractions of an IFS with overlaps S λ . We prove that for all λ ∈ ( 
Introduction and outline.
Iterated function systems (IFS) have been studied by many authors, and a lot about their theory is known. In many instances, systems which satisfy the Open Set Condition were studied. When arbitrary overlaps of the images of the contractions are allowed, the theory is different and the results from the case of Open Set Condition do not work anymore.
Let us consider a finite set I and an iterated function system S = {φ i , i ∈ I} consisting of injective conformal contractions φ i defined on the closure of an open set V ⊂ R q , q ≥ 1. Denote by Σ + I the one-sided space {ω = (ω 1 , ω 2 , . . .), ω j ∈ I, j ≥ 1}, with its shift endomorphism σ : Σ + I → Σ + I , σ(ω) = (ω 2 , ω 3 , . . .). For an arbitrary sequence ω and for an integer n ≥ 1, let the n-truncation ω| n be the finite sequence (ω 1 , . . . , ω n ). Also by [i 1 . . . i n ] we denote the n-cylinder {ω ∈ Σ + I , ω 1 = i 1 , . . . , ω n = i n }, n ≥ 1, i 1 , . . . , i n ∈ I. Let denote now by Λ the fractal limit set of the iterated function system S, where: The singleton π(ω) will also be denoted by φ ω 1 • φ ω 2 • . . ., as this infinite composition is in fact a point. We will denote the composition φ i 1 • . . . • φ im also by φ i 1 ...im , for m ≥ 1, i j ∈ I, 1 ≤ j ≤ m. The map π is called the canonical projection onto the limit set Λ of the system S. Various properties of IFS's with overlaps were studied by several authors, for eg in [4] , [22] , [6] , [16] , [17] , [12] , etc. Let us fix some more terminology and notation. In general, the number of roots/overlaps depends on the point x ∈ Λ, so it is not constant. Notice also that the m-chain from a certain root ζ to x is not uniquely defined, i.e there may exist two different m-chains (i 1 , . . . , i m ) and (j 1 , . . . , j m ) so that φ i 1 ...im (ζ) = φ j 1 ...jm (ζ) = x. Considering the above, how can we define a good notion of average number of overlaps of the IFS S, and how is such a notion dependent on a probability measure µ on Λ; also, how does such a number of overlaps affect the Hausdorff dimension of µ? It is clear that we have to look at n-roots of points, since the limit set Λ is invariant under the system S, i.e Λ = ∪ i∈I φ i (Λ), thus for k-iterations of S we have Λ = ∪ i 1 ,...,i k ∈I φ i 1 ...i k (Λ), for any k ≥ 2. This hints to the fact that the overlap number should be given by an average rate of growth of the number of n-chains between points in the limit set. Another question is, what probabilities µ on Λ should be considered, and what roots in Λ do we use. Some n-roots and n-chains which are non-generic with respect to µ and to a lift map Φ : Σ ). In Theorem 1 we will prove that, for Bernoulli measures, the corresponding projection measures on Λ are in fact the same.
We introduce a notion of overlap number o(S,μ ψ ) associated to a Φ-invariant Gibbs stateμ ψ on Σ + I × Λ (and to its π 2 -projection µ ψ on Λ), and we use thermodynamic formalism to relate it to the dimension of µ ψ . In Theorem 2 and Corollary 1 we show that the overlap number o(S,μ ψ ) is related to the folding entropy ofμ ψ with respect to the lift map Φ. In particular, this applies to Bernoulli measures on Σ ,...,
|I|
) . And in general for Bernoulli measures ν p , Corollary 2 gives a simpler formula for o(S,μ p ).
Next, in Theorem 3 we use the overlap number ofμ ψ to obtain estimates for the Hausdorff dimension of a set of full µ ψ -measure in Λ, which set is constructed explicitly. This gives upper bounds for HD(µ ψ ), by using zeros of pressure functions associated to o(S,μ ψ ), which are computable in certain cases of interest.
In Section 3 we apply the results to the case of Bernoulli convolutions ν λ for λ ∈ ( 1 2 , 1), where ν λ gives the distribution of the random series n≥0 ±λ n with the +, − signs taken independently and with equal probabilities. In this case, one has an iterated function system with overlaps S λ , whose limit set is an interval I λ , and ν λ appears as the projection of the measure of maximal entropy ν ( ) from Σ + 2 to I λ . Bernoulli convolutions have attracted a lot of attention (see [16] ), starting with Erdös [3] who showed that ν λ is singular for λ −1 Pisot; then, continuing with the result of Solomyak [22] about the absolute continuity of ν λ for Lebesgue-a.e λ ∈ ( 1 2 , 1), and the result of Przytycki and Urbański [18] that HD(ν λ ) < 1 for λ −1 Pisot, and then with more recent results, for example, by Hochman [6] about the dimension of ν λ for λ outside a set of dimension zero in ( ) . By using known results on HD(ν λ ), one obtains then upper estimates for o(S λ ); in particular, one can estimate o(S λ ) more precisely for specific values of λ, like λ = 2
In Corollary 3 we prove that o(S λ ) is strictly less than 2, for all λ ∈ ( 1 2 , 1). In the end, we obtain dimension estimates for biased Bernoulli convolutions ν λ,p , for λ ∈ ( 1 2 , 1) and p ∈ (0, 1). The results about overlap numbers can be applied also to other conformal iterated function systems with overlaps.
Overlap numbers of measures and dimension estimates.
First, let us define an overlap lift function which allows to associate the dynamics of a map to our IFS S. With regard to this function, the contractions φ i appear as restrictions to cylinders [i], i ∈ I. Definition 2. In the above setting, for the finite IFS S = {φ i } i∈I , define the overlap lift map
Let us now consider a Hölder continuous function ψ : Σ + I × Λ → R. Since the lift map Φ is distance-expanding in the first coordinate and contracting in the second coordinate, it follows that it is expansive and we can apply the theory of equilibrium states (for eg [7] , [23] ). As ψ is Hölder, there exists a unique equilibrium measure for ψ with respect to Φ on Σ + I × Λ, denoted byμ ψ .
In particular, if we take a Hölder continuous function g : Λ → R and the associated function
, then we have the equilibrium measureμ ψg on Σ + I × Λ (relative to Φ) and its projection (π 2 ) * (μ ψg ) on Λ, where π 2 is the projection on the second coordinate. In general this measure is different from the projection π * (μ g•π ), where π : Σ
and where in generalμ χ denotes the equilibrium measure of a Hölder continuous χ on Σ + I (relative to the shift σ).
For any n ≥ 1 and any (ω,
, then from the injectivity of the contractions φ i , i ∈ I, there exists exactly one point y with this property. By Definition 1, this means that, given the n-chain (η n , . . . , η 1 ) as above, the corresponding n-root y is uniquely defined such that (η n , . . . , η 1 ) is an n-chain from y to φ ωn...ω 1 (x).
Given now a measureμ ψ as above, an arbitrary point (ω, x) ∈ Σ + I × Λ, and τ > 0, define the set of n-chains from points in Λ to φ ωn...ω 1 (x), which are τ -generic relative toμ ψ :
where η = (η 1 , . . . , η n , ω n+1 , ω n+2 , . . .) ∈ Σ + I , and where S n ψ(η, y) = ψ(η, y) + ψ(Φ(η, y)) + . . . + ψ(Φ n (η, y)). We denote the cardinality of the set ∆ n by b n , so In the sequel we will use the folding entropy of a Φ-invariant measure µ on Σ + I × Λ; for general folding entropy see [19] (and for entropy production, also [20] , [13] ). The folding entropy of a Φ-invariant probability µ with respect to Φ :
where ǫ is the point partition of the Lebesgue space Σ + I × Λ. In [14] Parry introduced a notion of Jacobian of an invariant measure for an endomorphism, and studied its properties; in particular, the Jacobian satisfies the Chain Rule. Given a map f : X → X on a Lebesgue space X and an f -invariant probability measure µ, such that f is essentially countableto-one, we denote the Jacobian of µ by J f (µ). From above and [14] it follows that, in general, the folding entropy of a measure µ is equal to the integral of the logarithm of the Jacobian of µ. So in our case, the folding entropy ofμ ψ with respect to Φ is given by:
We investigate now the structure of the Φ-invariant probabilities on the product space Σ 
AlsoΦ is a homeomorphism. Then as in [21] , by using Hahn-Banach Theorem and MarkovKakutani Theorem and by approximating integrals of functions from C(Σ
, it follows that for any Φ-invariant probability ν on Σ 
If we consider n-roots of x and the measure of maximal entropyμ 0 w.r.t Φ, then all these n-roots are generic. Since in this case the overlap function b n does not depend on τ , we denote it simply by
In general, there are several ways to define projections of invariant measures on the fractal limit set Λ, depending whether we project σ-invariant measures on Σ 
Consider next g a Hölder continuous potential on Σ + I , and letμ g be its unique equilibrium measure on Σ + I . Then we can define two kinds of projection measures on Λ. The first type is µ ψ defined above in (3), where ψ = g • π 1 ; so µ ψ = (π 2 ) * (μ ψ ). The second type is the self-conformal measure:
where π : Σ
. . is the canonical coding map for Λ. We now prove that, for Bernoulli measures on Σ + I , the two types of projection measures defined above, are in fact equal. This will make our results about overlap numbers apply to π-projections of Bernoulli measures onto Λ. Consider then a Bernoulli measure ν p on Σ + I determined by an arbitrary probabilistic vector p = (p 1 , . . . , p |I| ). Thus the ν p -measure of the cylinder
By taking Bowen balls for the shift σ (which are cylinders in our case), we see immediately that
Clearly, φ is Hölder continuous on Σ + I and its unique equilibrium measureμ φ is equal to the Bernoulli measure ν p ; this is due to the expression ofμ φ on cylinders [ω 1 . . . ω n ] (see [2] , [7] ), i.e
so we conclude thatμ
In case of Bernoulli measures, we can now prove that the various projection measures are equal on Λ: Theorem 1. In the above setting, let p = (p 1 , . . . , p |I| ) an arbitrary probabilistic vector, and ψ : Σ 
Proof. In order to prove the first equality, let us defineψ = ψ •π, whereπ(ω, η) = (ω, πη). Soψ is a Hölder continuous potential on Σ + I × Σ + I . Then recalling thatΦ(ω, η) = (σω, ω 1 η) is an expansive homeomorphism with specification property, it follows ( [7] ) that there exists a unique equilibrium measureμψ on Σ 
On the other hand, notice that the Bowen ball forΦ is given by
. From theΦ-invariance of the equilibrium measureμψ, it follows that for any 1 ≤ i ≤ n,
However recall that π 1 * μψ =μ φ = ν p , and thus (π 1 •π) * μψ = ν p . Therefore using also (6) we obtain that, for any j ≥ 1 and any ω, η ∈ Σ
By adding over ω 1 ∈ Σ + I we obtain that, for any j ≥ 1 and for any η = (
But this works for any cylinder in Σ + I . Also, for any Borel set A ⊂ Λ, we have π * ν p (A) = ν p (π −1 (A)). Hence from the above, and by using also (5), we can infer that π 2 * μψ is in fact a self-conformal measure on Λ, namely, π 2 * μψ = π * ν p
We now prove the second equality. From before,Φ : Σ
I is a homeomorphism which preservesμψ. Also notice that for any ω 1 , ω 2 , η 1 , . . . , η m ∈ I, one hasΦ(
Hence by induction it follows similarly that, for any k, m ≥ 1,
This means thatμψ = ν p × ν p , and that
The equality of the projection measures for Bernoulli probabilities has useful consequences when computing the associated overlap numbers, see Corollary 2.
For any conformal iterated function system S, we want to prove now that the exponential rate of growth in n, of the number of generic n-chains/roots from ∆ n , is approaching the folding entropy of the measureμ ψ . In particular it follows that, on average, the number of n-chains associated to the n-overlaps of Λ grows exponentially like e nF Φ (μ 0 ) . Theorem 2. Let a finite conformal IFS S = {φ i , i ∈ I} with limit set Λ, and a Hölder continuous potential ψ on the lift space Σ + I × Λ; denote the equilibrium measure of ψ on Σ
Proof. In our case the map Φ : Σ + I × Λ → Σ + I × Λ is distance-expanding in the first coordinate, and distance contracting in the second coordinate. Let B m (z, ε) denote the (m, ε)-Bowen ball around z in the canonical product metric on the compact metric space Σ + I × Λ with respect to the endomorphism Φ; hence in particular it is expansive. Sinceμ ψ is the equilibrium measure of a Hölder continuous potential on Σ + I × Λ, we can apply the properties of equilibrium measures with respect to expansive maps on compact metric spaces (see [7] ). We will use first the ideas of Theorem 1 from [10] , giving the comparison between the (equilibrium) measure of various parts of the preimage set. So, from [10] 
Now the Jacobian of the measureμ ψ with respect to Φ n gives the change in the measure of a set by applying the map Φ n (see [14] ); hence for any integer
However from the Φ-invariance of the measureμ ψ it follows thatμ ψ (Φ n (A)) =μ ψ (Φ −n (Φ n (A))), for any Borel set A. Hence we can apply the above comparison between the various parts of the preimage set Φ −n (Φ n (A)) for n arbitrary (i.e in fact the comparison between various sets taken by different compositions φ j 1 • . . . • φ jn to the same image), in order to obtain that there exists a constant C > 0 independent of n such that:
forμ ψ -a.e pair (ω, x) ∈ Σ + I × Λ. Now, as the probabilityμ ψ is Φ-invariant on the product space Σ + I × Λ, it follows from (9) and from the properties of the folding entropy that
exp(S n ψ(η, y))
From Birkhoff Ergodic Theorem we know that,μ ψ ((ω,
Then, for any positive small number ξ, there exists an integer n = n(ξ) ≥ 1 so that for all integers n ≥ n(ξ), we have
Recall that, if (η 1 , . . . , η n ) ∈ ∆ n ((ω, x), τ,μ ψ ), then the n-chain (η n , . . . , η 1 ) uniquely determines an n-root y of φ ωn...ω 1 (x). Hence with η n+i = ω n+i , i ≥ 1, we can consider also the finite set
and there exists a bijection between ∆ n ((ω, x), τ,μ ψ ) and ∆ ′ n ((ω, x), τ,μ ψ ), taking (η 1 , . . . , η n ) to ((η 1 , . . . , η n , ω n+1 , ω n+2 , . . .), y) . Thus b n ((ω, x), τ,μ ψ ) = Card∆ ′ n ((ω, x), τ,μ ψ ). We now define the following set of n-roots,
Denote the sum corresponding to the roots from Γ n ((ω, x), τ,μ ψ ) by ϑ n ((ω, x), τ,μ ψ ) := , Φ i (η, y)) < ε, 0 ≤ i ≤ n − 1, then there exists an integer N (ε) so that ω i = η i , i = 1, . . . , n + N (ε), and d(x, y) < ε, since the maps φ j are all contractions. For an arbitrary n ≥ 2, we now consider a measurable partition of Σ
The integer p i,n ≥ 1 depends on i for 1 ≤ i ≤ p n , and it is given by the number of n-roots of ζ i in Λ, with respect to S. This is possible to do if we take the sets L n i small enough. Then, let us denote by
(y ′ ); but φ η , η ∈ I are injective and thus y = y ′ . This implies that the sets L n ij are mutually disjoint in i, j. We now decompose the integral of the logarithm of the Jacobian ofμ ψ with respect to Φ n , along this partition with the sets L n ij , 1 ≤ i ≤ p n , 1 ≤ j ≤ p i,n . Therefore, for an arbitrary n ≥ 2, we have:
(12) Now, in regards to formula (9), we can write in general
. Thus by using (8) , the definition of ∆ ′ n ((ω, x), τ,μ ψ ) and the fact that b n ((ω, x), τ,μ ψ ) = Card(∆ ′ n ((ω, x), τ,μ ψ )), we obtain that the above sum in (12) is comparable to the sum:
, where we recall that the comparability constant C > 0 does not depend on n, nor on L n ij . Now in general, if (η, y) ∈ ∆ ′ n ((ω, x), τ,μ ψ ), and if 0 < ε < τ and (η, y) ∈ B n (ζ ij , ε), then since the potential ψ is Hölder continuous, it follows that
for some small v(τ ) > 0 where lim
v(τ ) = 0. Also, if K := sup Σ + I ×Λ |ψ|, then e Snψ(η,y) ≤ e nK . Notice in addition, that the set Φ −n Φ n (ω, x) has at most |I| n elements in Σ + I × Λ. Denote the set of indices j corresponding to nongeneric roots by Q(n, i, τ,μ ψ ) :
Hence we can use the measure estimate in (11) to obtain that:
Therefore, from the comparison in (8) and from the above discussion, it follows that there exists a positive constant C, independent of n, of the partition {L n i } 1≤i≤pn and of the points ζ i ∈ L n i , such that:
where we recall that ξ is the bound on the measure of non-generic points in (11) . But in general, log(1 + x) ≤ x for any x > 0, hence log(1 +
. Therefore from (11), the second sum in the right-hand term of (13) is less than ξ, which implies that:
Therefore, using the expression for the folding entropy F Φ (μ ψ ) from (10) , and the fact that ξ converges to 0 when τ converge to 0 (and also that v(τ ) converges to 0 at the same time), we obtain the conclusion of the Theorem.
We now want to define a notion of overlap number of S associated to an equilibrium statê µ ψ . This notion will take into consideration theμ ψ -generic n-roots in Λ and all the corresponding n-chains starting from them, for n large. In particular, we obtain a (topological) overlap number of the system S, which gives the average rate of growth of the number of n-chains from n-roots to points in Λ. Corollary 1. If S = {φ i , i ∈ I} is an arbitrary finite conformal iterated function system with overlaps and Λ is its limit set, and if ψ is a Hölder continuous potential on Σ + I × Λ with equilibrium measureμ ψ , we call the overlap number of S with respect toμ ψ ,
Ifμ 0 is the measure of maximal entropy for Φ on Σ + I × Λ, then the (topological) overlap number of S is given by:
In the case of projections of Bernoulli measures, we can use now Theorem 1 to compute more easily the overlap numbers. Let us take an arbitrary probability vector p = (p 1 , . . . , p |I| ), which gives a Bernoulli measure ν p on Σ + I . According to the discussion before Theorem 1, there exists an equilibrium measure denotedμ p of the potential ψ ((ω 1 , . . .), x) = log p ω 1 , (ω, x) ∈ Σ + I ×Λ, with respect to Φ on Σ + I × Λ, so that π * ν p = π 2 * μp . The measureμ p is called the equilibrium measure (with respect to Φ) associated to p. Denote also by h(p) := 1≤j≤|I| p j log p j , and notice that h(p) = ψ dμ p . Let us denote now by
More generally, we define for τ > 0,
When the system S satisfies Open Set Condition, then the overlap number o(S,μ p ) is equal to 1. We prove now the following simpler expression for the overlap number in the case of Bernoulli projections for conformal IFS's with overlaps S, by employing the function β n (·), that counts the number of n-chains from n-roots in the limit set Λ:
Corollary 2. Let a conformal iterated function system with overlaps S = {φ i , i ∈ I} with limit set Λ, and consider p an arbitrary probabilistic vector, withμ p being the equilibrium measure on Σ + I × Λ associated to p. Then, the overlap number o(S,μ p ) can be computed as:
In particular, we obtain the (topological) overlap number of S, by integrating with respect to the uniform Bernoulli measure ν (
Proof. We prove here the second part of the statement, about the topological overlap number; the first part follows similarly. Let us denote by p = ( 1 |I| , . . . , 1 |I| ), and consider µ p = π * ν p . As in Theorem 1 there exists a corresponding Φ-invariant measureμ p on Σ + I × Λ. We have from Theorem 1 that π * ν p = π 2 * μp , hence
, for any (ω, x). Therefore, from the last displayed equality, it follows that:
We now show that overlap numbers of conformal IFS and of equilibrium measures on Σ + I × Λ, can be used to estimate the dimensions of the associated projection measures on Λ. Denote the Hausdorff dimension (for sets or measures) by HD. Recall that, in general for a measure µ on a metric space X, its Hausdorff dimension is defined by:
In the following Theorem, we give an upper estimate for HD(µ ψ ), by estimating HD(Λ \ Z(ψ)) for some set Z(ψ) ⊂ Λ of µ ψ -measure zero with the help of the overlap number o(S,μ ψ ). Moreover, we will construct explicitly this set of µ ψ -measure zero Z(ψ) below.
Theorem 3. Consider a finite conformal iterated function system S = {φ i } i∈I with limit set Λ, π : Σ + I → Λ be the canonical projection, and let a Hölder continuous potential ψ : Σ + I × Λ → R, with its (unique) equilibrium measureμ ψ ; and let µ ψ := π 2 * μψ be the projection as in (3) . Then,
where t(S, ψ) is the unique zero of the pressure function with respect to the shift σ : Σ
Proof. Let denote by R n (μ ψ , δ) the set of points (ω, x) ∈ Σ + I × Λ for which the number of generic roots satisfies b n ((ω, x), τ,μ ψ ) < 1 2 · e n(F Φ (μ ψ )−δ) . We want to show that theμ ψ -measure of these sets converges to 0, when n → ∞. If this does not happen, then there exist an infinite sequence {k n } n and a number β > 0, such thatμ ψ (R kn (μ ψ , δ)) > β > 0, ∀n ≥ 1. Then, for all pairs
Therefore, after integrating with respect toμ ψ ,
We now use the last displayed inequality, and the properties of J Φ n (μ ψ ) from the proof of Theorem 2 (namely relation (9)); thus by adding the integral of
over R kn and the integral of
over the complement of R kn , we obtain that:
On the other hand, from the Chain Rule we know that log
, for all n ≥ 1. Therefore from the Birkhoff Ergodic Theorem, (9) we have that
e Snψ(η,y)
for all n ≥ 1, where C 2 ≤ ψ ≤ C 1 on Σ + I × Λ (as the potential ψ is continuous). This implies that the sequence { 1 n log J Φ n (μ ψ )(ω, x)} n is bounded by log C + log |I| + C 1 − C 1 , independently of (ω, x). Since log J Φ (μ ψ ) is integrable, we obtain then from the Birkhoff Ergodic Theorem, that
, and similarly,
Hence for any integer n ≥ 1,
Therefore, we obtain from (16) that:
However ifμ ψ (R kn (μ ψ , δ)) > β for n > n(δ) (for some integer n(δ) ≥ 1), then it follows from the above and from the fact that: γ n (μ ψ , δ) → 0, that
But then, this would give contradiction with Theorem 2. Hence, for δ > 0 fixed there exists a sequence of positive numbers α n → n→∞ 0, such that the set R n (μ ψ , δ) of points (ω, x) ∈ Σ + I × Λ for which b n ((ω, x), τ,μ ψ ) < 1 2 e n(F Φ (μ ψ )−δ) , hasμ ψ -measure that satisfies:
Let denote now the complement of the set R n (μ ψ , δ) in Σ + I × Λ by:
From the Φ-invariance ofμ ψ on Σ + I × Λ, and from the definition of Q n (μ ψ , δ), we obtain that
And from the definition of the set Φ n (Q n (μ ψ , δ)), it follows that for any for point (η ′ , y ′ ) ∈ Φ n (Q n (μ ψ , δ)), there exist at least
. From above, the sequenceμ ψ (R n (μ ψ , δ)) converges to 0, so there exists an increasing sequence of integers m n → ∞ such that:
. .. Employing the sequence {m n } n , define now the following measurable subsets of Λ,
where π 2 : Σ + I × Λ → Λ is the canonical projection to the second coordinate. Moreover, denote the union of the Borel subsets in Λ introduced above by,
Firstly, notice that from the definition of the sequence of integers {m n } n≥1 , we havê
Therefore by taking the union of these sets over all n ≥ 1, recalling that µ ψ = π 2 * (μ ψ ), and observing that µ ψ (Λ(μ ψ , δ))
We now investigate the influence of the number of roots on the Hausdorff dimension of the set Λ(μ ψ , δ). Recall from above that, for any (η ′ , y ′ ) ∈ Φ n (Q n (μ ψ , δ)), there exist at least 1 2 e n(F Φ (μ ψ )−δ) indices i = (i 1 , . . . , i n ) ∈ I n , such that y ′ ∈ φ i (Λ) = φ i 1 • . . . • φ in (Λ). Hence the points in the for some constant C > 0, independent of s, n large. Since for any s ≥ n, we can obtain such minimal covers U s (j 0 ) for the set Λ n (μ ψ , δ) , and since t was chosen arbitrarily larger than t(F Φ (μ ψ ) − δ), it follows from (21) that:
HD(Λ n (μ ψ , δ)) ≤ t(F Φ (μ ψ ) − δ)
Now recall the definition of Λ(μ ψ , δ) = ∪ n≥1 Λ n (μ ψ , δ). From the last estimate, we infer that HD(Λ(μ ψ , δ)) ≤ t(F Φ (μ ψ ) − δ)
Also from (18) , µ ψ (Λ(μ ψ , δ)) = 1. Define now the set Λ(ψ) := ∩ δ>0 Λ(μ ψ , δ) = ∩ n≥1 Λ(μ ψ , 1 n ). We have then that µ ψ (Λ(ψ)) = 1. Let us now remark that from definition (19) of the zero t(α), and from the continuity of the pressure function, we obtain that t(F Φ (μ ψ ) − δ) → t(F Φ (μ ψ )) when δ → 0. But from Theorem 2, we know that log o(S, ψ) = F Φ (μ ψ ). Hence, by taking the set Z(ψ) := Λ \ Λ(ψ), we have µ ψ (Z(ψ)) = 0; thus from the definition of HD(µ ψ ), HD(µ ψ ) ≤ HD(Λ \ Z(ψ)) ≤ t(S, ψ).
Applications to Bernoulli convolutions.
Consider the random series n≥0 ±λ n for λ ∈ (0, 1) where the +, − signs are taken independently and with equal probability, and let us denote its distribution by ν λ . This is called a Bernoulli convolution, since it is in fact the infinite convolution of the atomic measures 1 2 (δ −λ n + δ λ n ), for n ≥ 0 (for eg [3] , [22] ). The probability measure ν λ can be written also as the self-similar measure associated to the probability vector ( where S 1 (x) = λx − 1, S 2 (x) = λx + 1, x ∈ R. Hence, ν λ satisfies the self-similarity relation:
The case λ ∈ (0, 1 2 ) corresponds to S λ having no overlaps, while the case when λ ∈ [ 1 2 , 1) corresponds to the more difficult situation of the iterated function system S λ having overlaps. We assume in the sequel that λ ∈ ( 1 2 , 1), thus we are in the case when S λ has overlaps. The associated limit set Λ λ is in this case the whole interval I λ = [− ) , where ν ( ) is the Bernoulli measure on Σ + 2 generated by the vector ( 1 2 ), and π λ : Σ + 2 → I λ is the canonical coding map. It is well-known that the measure ν λ can be either singular or absolutely continuous. Several results on Bernoulli convolutions are in the paper by Peres, Schlag and Solomyak [16] . The case λ > 1 2 attracted a lot of interest, starting with Erdös who proved in [3] that, when 1 λ is a Pisot number, then ν λ is singular. Then later Solomyak showed in [22] that the measure ν λ is absolutely continuous for Lebesgue-a.e λ ∈ [ 1 2 , 1); the method of transversality was used in [22] , and also by Peres and Schlag [15] , and Peres and Solomyak [17] . Notice that, if ν λ is absolutely continuous, then HD(ν λ ) = 1. From the point of view of actual values of λ involved, Garsia proved in [5] that ν λ is absolutely continuous when λ −1 is an algebraic integer in (1, 2), whose monic polynomial has other roots outside the unit circle and constant coefficient ±2. For example when λ −1 = 2 For any λ ∈ (
